Kontsevich designed a scheme to generate infinitesimal symmetriesṖ = Q(P) of Poisson brackets P on all affine manifolds M r ; every such deformation is encoded by oriented graphs on n + 2 vertices and 2n edges. In particular, these symmetries can be obtained by orienting sums of non-oriented graphs γ on n vertices and 2n − 2 edges. The bi-vector flowṖ = O r(γ)(P) preserves the space of Poisson structures if γ is a cocycle with respect to the vertex-expanding differential in the graph complex.
Generic classical Poisson brackets P can be deformed along no less than countably many directions (in the spaces of bi-vectors) such that they stay Poisson at least infinitesimally and the change of brackets is not necessarily induced by a diffeomorphim along integral curves of a vector field on the Poisson manifold at hand.
1 The use of graphs converts this infinite analytic problem into a set of finite combinatorial problems of finding cocycles γ ∈ ker d in the graph complex and orienting them: Q(P) = O r(γ)(P), see the diagram. 1. Graph complex theory. There are several ways to introduce a differential on the space of non-oriented graphs (see [7, 8] ). We consider the real vector space of finite non-oriented graphs such that each of them is equipped with a wedge product of edges, i.e. we suppose that for every graph its edges e i are enumerated I, II, . . . and proclaimed parity-odd, so that E(γ) := i e i and (γ, I ∧ II ∧ III ∧ . . .) = −(γ, II ∧ I ∧ III ∧ . . .), etc.
Suppose also that all vertices are at least tri-valent (cf. [4, 9] ). On this subspace (which we study here), the differential amounts to a blow-up -via the Leibniz rule -of vertices in a graph γ; every vertex v at hand is replaced by the new edge E such that every edge which was incident to v in γ is now re-directed to one of the two ends of E. The choice where to direct a given edge does not depend on a similar choice for other such edges, but overall, the valency of either end of E must be at least two.
2 By construction, the new edge E is placed firstmost in the wedge product of edges in every graph g in d(γ): whenever
Example 1. Let w 4 :=r ❅ ❅ , and let the edge ordering in these graphs be lexicographic: A flip over a diagonal in w 4 swaps three pairs of edges; 3 is odd, so by this symmetry, E(w 4 ) = −E(w 4 ), i.e. w 4 is a zero graph.
3 By this, d(w 4 ) = 0. Because d 2 = 0, one has d(δ 6 ) = 0 for the coboundary δ 6 ∈ im d. Put γ 3 :=❅ ❅ ; another example of nontrivial cocycle, γ 5 ∈ im d, also on n vertices and 2n − 2 edges, is given on p. 3.
The notion of oriented Kontsevich graphs from [7] was recalled in [1, 2, 5] . Every such graph is built over m ordered sinks from n wedges
• of the wedge is the source of exactly two arrows (which are ordered by Left ≺ Right). Let (M r , P) be a real affine Poisson manifold of dimension r; let x 1 , . . ., x r be local coordinates. By decorating each edge with its own summation index that runs from 1 to r, by identifying every such edge i − → with ∂/∂x i acting on the content of arrowhead vertex, and by placing a copy of the Poisson bivector P = (P ij ) at the top • of each wedge
we associate a polydifferential operator (e.g., an m-vector) with every such graph. The arguments of the operator are contained in the m respective sinks. The resulting polydifferential operators are differential-polynomial in the coefficients P ij of a given Poisson structure P. It is known that for P Poisson (hence [[P, P]] = 0 under the Schouten bracket), its adjoint action ∂ P := [ [P, ·] ] is a differential on the space of multi-vectors. One can try finding Poisson cohomology cocycles Q ∈ ker ∂ P by assuming they are realized using the Kontsevich oriented graphs. Now let us note that certain sums Q of oriented graphs built on two sinks from n wedges can be obtained by taking all admissible ways to orient graphs γ on n vertices and 2n−2 edges (clearly, two sinks and two edges into them are added). Moreover, suppose that γ ∈ ker d in vertex-edge bi-grading (n, 2n − 2) is such that this sum of graphs can be oriented to yield a sum of Kontsevich graphs on two sinks, n internal vertices and 2n edges. Then, in fact, these oriented graphs, taken with suitable coefficients ∈ R, do assemble to a Poisson cocycle Q(P) ∈ ker ∂ P . Let this orientation mapping be denoted by O r (cf. [7] and [1, 5] ). . = 0 via [[P, P]] = 0 for the cocycle condition Q(P) ∈ ker ∂ P is known from [2] , where it is used in a similar problem of the ⋆-product associativity (cf. [3] ). In [1] this mechanism is applied to the Kontsevich tetrahedral flow Q 3 (P) = O r(γ 3 )(P). Would the mapping O r be known, the verification O r(γ) ∈ ker ∂ P is still compulsory (e.g., by using a factorization via the Jacobi identity for P). But for us now, the factorization [[P, Q 5 (P)]] = ♦ P, [[P, P] ] is the way to find the right formula of the flowṖ = Q 5 (P) that should correspond to the KontsevichWillwacher pentagon-wheel cocycle γ 5 under the orientation mapping, Q 5 = O r(γ 5 ), giving one solution Q 5 yet not necessarily unique operator ♦.
Example 2. There are only two essentially different admissible ways to orient (and skewsymmetrize with respect to sinks) the tetrahedron γ 3 ∈ ker d. Each of the three oriented graphs in the flow Q 3 is encoded by the list of targets for the ordered pair of edges issued from the ith vertex (m = 2 i 5 = m + n − 1), and a coefficient ∈ Z. Specifically, we have that Q 3 = 1 · (0, 1; 2, 4; 2, 5; 2, 3) − 3 · (0, 3; 1, 4; 2, 5; 2, 3 + 0, 3; 4, 5; 1, 2; 2, 4); the analytic formula of the respective bi-differential operators acting on the sinks content f , Now consider the pentagon-wheel cocycle γ 5 ∈ ker d, see [4] . By orienting both graphs in γ 5 (i.e. by shifting the vertex labelling by +1 = m − 1, adding two edges to the sinks 0, 1, and keeping only those oriented graphs out of 1024 = 2 #edges which are built from ← − • − →) and skew-symmetrizing with respect to 0 ⇄ 1, we obtain 91 parameters for Kontsevich graphs on 2 sinks, 6 internal vertices, and 12 (= 6 pairs) of edges. We take the sum Q of these 91 bi-vector graphs (or skew differences of Kontsevich graphs) with their undetermined coefficients, and for the set of tri-vector graphs occurring in [[P, Q]], we generate all the possibly needed tri-vector "Leibniz" graphs with [[P, P]] inside.
5 This yields 41031 such Leibniz graphs, which, with undetermined coefficients, provide the ansatz for the r.-h.s. of the factorization problem [[P,
. This gives us an inhomogeneous system of 463,344 linear algebraic equations for both the coefficients in Q and ♦. In its l.-h.s., we fix the coefficient of one bi-vector graph 6 by setting it to +2.
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Remark. To establish the formula for the morphism O r that would be universal with respect to all cocycles γ ∈ ker d, we are accumulating a sufficient number of pairs (d-cocycle γ, ∂ P -cocycle Q), in which Q is built exactly from graphs that one obtains from orienting the graphs in γ. Let us remember that not only nontrivial cocycles (e.g., γ 3 , γ 5 , or γ 7 from [4], cf. [6, 9]) but also d-trivial, like δ 6 on p. 2, or even the 'zero' non-oriented graphs are suited for this purpose: e.g., a unique O r(w 4 )(P) ≡ 0 constrains O r. In every such case, the respective ∂ P -cocycle is obtained a by solving the factorization problem [[P,
The formula of the orientation morphism O r will be the object of another paper. [2] Buring R., Kiselev A. V. On the Kontsevich ⋆-product associativity mechanism // PEPAN Letters. 2017. V. 14(2). P. 403-407.
[3] Buring R., Kiselev A. V. Software modules and computer-assisted proof schemes in the Kontsevich deformation quantization. Preprint IHÉS/M/17/05. 2017. 
A The pentagon-wheel flow: analytic formula
Here is the value Q 5 (P)(f, g) of bi-vector Q 5 at two functions f, g:
